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Abstract An eigenfunction solution to the problem of plane
wave scattering by dielectric, magnetic, and magnetodielec-
tric cylinders is used for a systematic investigation of their
resonances. An overview of the resonances with electric and
magnetic dipole moments, needed in, e.g., the synthesis of
metamaterials, is given with an emphasis on their strength,
bandwidth, and isolation.
1 Introduction
Among a large variety of metamaterial (MTM) realizations,
see, e.g., [1] and the works referenced therein, special at-
tention has recently been devoted to designs based on cylin-
drical or spherical inclusions of dielectric or magnetodielec-
tric materials [2–4]. One main advantage of these designs,
as compared to arrangements of conducting wires and split
ring resonators [1], is their potential of providing low-loss
and isotropic MTMs. The basics of the novel MTM real-
izations rest upon the excitation of electric and magnetic
dipole moments in the dielectric or magnetodielectric inclu-
sions, which give the possibility of achieving negative effec-
tive permittivity and permeability. In consequence hereof,
there is an increased interest in a detailed understanding
of the underlying physics of these resonances. The present
work gives an overview of the resonances providing electric
and magnetic dipole moments in dielectric, magnetic, and
magnetodielectric cylinders illuminated by a uniform plane
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wave. Using the eigenfunction solution, the resonant prop-
erties are illustrated for a variety of cylinders. In particu-
lar, the strength, bandwidth, and isolation of the resonances,
these being crucial parameters in MTM designs, are inves-
tigated. Moreover, analytical expressions are presented for
electric and magnetic dipole moments in all cylinders, thus
providing additional insight into the potential of such inclu-
sions for MTM design. Throughout the manuscript, the time
factor exp(jωt), with ω being the angular frequency and t
being the time, is assumed and suppressed.
2 Configuration and theory
The cross-section of the configuration is shown in Fig. 1.
It consists of an infinite circular cylinder illuminated by
a plane wave and immersed into free-space with the per-
mittivity ε0, permeability μ0, and the wave number β0 =
ω
√
ε0μ0 = 2π/λ0, with λ0 being the free-space wavelength.
The cylinder has a radius a and is made of a simple and lossy
material with the permittivity εc = ε0εr = ε0(ε′r −jε′′r ), per-
meability μc = μ0μr = μ0(μ′r − jμ′′r ), and wave number
β = ω√εcμc with Im{β} ≤ 0. A cylindrical coordinate sys-
tem (ρ,φ, z), and the associated Cartesian coordinate sys-
tem (x, y, z) are introduced such that the z-axis coincides
Fig. 1 The configuration
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with the axis of the cylinder, and the incident wave is prop-
agating along the positive x-direction. Two polarizations of
the incident wave are considered: transverse electric (TEz)
and transverse magnetic (TMz). The exact solution to these
problems is based on the eigenfunction expansion technique
and is rather straightforward to obtain, see, e.g., [5]. For TEz
polarization, H iTE denotes the known magnetic field inci-
dent on the cylinder, H sTE denotes the magnetic field scat-
tered by the cylinder, and H tTE denotes the total magnetic
field inside the cylinder; moreover, EiTE,EsTE, and EtTE de-
note the corresponding electric fields. The unknown fields
(H sTE,EsTE) and (H tTE,EtTE) are expanded in cylindrical
wave functions with the unknown expansion coefficients an
and bn, respectively, where n is the mode number (i.e., n = 0
is the monopole mode, n = 1 is the dipole mode, etc.). For
TMz polarization, EiTE denotes the electric field incident
on the cylinder, EsTE is the electric field scattered by the
cylinder, and EtTE is the total electric field inside the cylin-
der; moreover, H iTE,H sTE, and H tTE denote the correspond-
ing magnetic fields. The unknown fields (EsTE,H sTE) and
(EtTE,H tTE) are expanded in cylindrical wave functions with
the unknown expansion coefficients dn and en, respectively.
All expansion coefficients are found by use of the boundary
conditions at the cylinder surface. With this solution, the dif-
ferent electric and magnetic dipole moments can be calcu-
lated. For a dielectric cylinder (εr = 1,μr = 1), the electric











r ′ × J p(r ′) dv′,
(1)
respectively, where Jp = jω(εc − ε0)EtTE,TM is the polar-
ization current density inside the cylinder, and dv′ denotes a
differential volume element with the position vector r ′. For
a magnetic cylinder (εr = 1,μr = 1), the electric and mag-














where Jm = jω(μc −μ0)H tTE,TM is the magnetization cur-
rent density inside the cylinder. In a magnetodielectric cylin-
der (εr = 1,μr = 1), both electric and magnetic polarization
currents exist, and the total electric and magnetic dipole mo-
ments are pmd = pd + pm and mmd = md + mm, respec-
tively. An electric dipole moment can be created by an elec-
tric line current or a magnetic loop current while a magnetic
dipole moment can be created by an electric loop current or
a magnetic line current. These line and loop currents are as-
sociated with the n = 0 and n = 1 modes which are thus of
relevance in the design of MTMs.
3 Numerical results
The expansion coefficients an and bn, as well as dn and en,
depend on β0a, εr and μr . For specific values of these pa-
rameters, the coefficients attain a large value which implies
a resonance of the corresponding mode. The resonant prop-
erties of a lossless dielectric cylinder with TEz polarization
are illustrated in Fig. 2 for the n = 0 and n = 1 modes. Fig-
ures 2(a)–(d) show the magnitudes of a0, b0, a1, and b1, re-
spectively, as a function of √εr and β0a (the default color
axis has been changed in (b) and (d) to enhance the visibility
of the results). It is seen that the maxima of the coefficients
follow specific resonance curves; the resonances are desig-
nated as the TEdnl resonances, where for each n, l = 0 corre-
sponds to the leftmost curve, l = 1 corresponds to the second
leftmost curve, etc. Thus, Figs. 2(a)–(b) show the TEd0l res-
onances, and Figs. 2(c)–(d) show the TEd1l resonances. The
designations TEdnl(an) and TE
d
nl(bn) are used to refer to a
specific coefficient since internal and external resonances do
not necessarily occur for the same values of β0a, εr and μr .
Following a resonance curve, e.g., the TEd01 resonance, it is
seen how a higher εr results in a smaller β0a (implying a
smaller radius a at a given frequency) and a noticeable nar-
rowing of the resonances. Moreover, for a given εr , the TEd1l
resonances occur at a larger value of β0a than the TEd0l res-
onances.
Figures 2(e)–(h) show the magnitudes of a0, b0, a1, and
b1, respectively, as a function of β0a for specific values of√
εr . This corresponds to horizontal cuts in Figs. 2(a)–(d)
but with a reduced range of β0a. The width of the resonances
for the n = 0 mode is seen to be broader than for the n = 1
mode, and for each of the modes the width differs for differ-
ent resonances for a given √εr . In addition, the higher the
value of √εr the narrower is the width, and the higher is the
amplitude of the internal b0 and b1 coefficients. It is interest-
ing that all the resonances of the external coefficients a0 and
a1 have the same amplitude; however, this will be different
for other types of illumination and normalization of expan-
sion functions. Although not shown inhere, it was found that
the inclusion of moderate losses lowers the amplitude of the
resonances, shifts slightly their position in frequency, and
broadens their width.
With the aim of exploiting the resonances for MTM re-
alizations, it is important that the n = 0 and n = 1 modes
are sufficiently dominant, i.e., their expansion coefficients
at resonance should be large compared to those of other
modes. Figure 2(i) shows the isolation of the n = 0 mode
in terms of the quantity |a1/a0| for the TEd01(a0) resonance,
and |b1/b0| for the TEd01(b0) resonance as a function of
√
ε′r ,
while the isolation of the n = 1 mode is shown in Fig. 2(j)
in terms of |a0/a1| and |a2/a1|, evaluated at the TEd11(a1)
resonance, and |b0/b1| and |b2/b1| for the TEd11(b1) reso-
nance. In Figs. 2(i)–(j), a curve with a given color appears
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Fig. 2 Resonant properties of a dielectric cylinder with TEz polariza-
tion. The magnitude of the expansion coefficients as a function of √εr
and β0a (a)–(d), and as a function of β0a for specific values of √εr
(e)–(h). The isolation properties of the n = 0 and n = 1 modes (i)–(j),
and the magnitude and the direction of the total electric fields at the
TEd01(b0) and TE
d
11(b1) resonances inside and outside the cylinders
for the n = 0 and n = 1 modes (k)–(l). By duality, the shown results
also apply for a magnetic cylinder with TMz polarization. The corre-
sponding quantities for the dual case are obtained by performing the
substitutions: a0 → d0, a1 → d1, b0 → e0, b1 → e1, εr → μr,ETE →
−√μ0/ε0HTM,TEd01(b0) → TMm01(e0), and TEd11(b1) → TMm11(e1)
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twice; the lower (upper) curve corresponds to the lossless
(lossy) case for which ε′′r /ε′r = 0 (ε′′r /ε′r = 0.05). In the loss-
less cases, larger ε′r results in a more isolated mode, whereas
the isolation decreases as the loss is included. As an exam-
ple, it is seen in Fig. 2(i) that for √ε′r = 5 and zero loss, the
exterior (interior) coefficient a1(b1) is about 18% (6%) of
a0(b0), whereas for
√
ε′r = 25 it is only about 0.8% (0.06%)
of a0(b0). It is interesting that the isolation of the n = 1
mode in the lossy case is, in fact, worsened as ε′r increases.
In general, the isolation properties for a given ε′r are bet-
ter for the n = 0 mode than for the n = 1 mode; the former
mode also has a wider width of the resonances. Moreover, a
trade-off between the width and isolation of the resonances
must be made since an increase of ε′r decreases the width
while increasing the isolation for lossless cylinders.
The above results are next confirmed with field illus-
trations. Figure 2(k) shows, for a resonance frequency of
f0 = 300 MHz, the magnitude (color) and the direction at
the time t = 0 (arrows) of the total electric field for a di-
electric cylinder (εr = 625) at the TEd01(b0) resonance (the
cylinder radius is a = 15.25 mm) (specifically, the quan-
tity 20 log10 |ETE|, where |ETE| has been normalized with
1 V/m is shown). The circulating electric field creates a po-
larization current loop which yields a magnetic dipole mo-
ment per unit length mTEd = zˆH0b0πa2(1 − 1/εr)J2(βa),
with H0 being the amplitude of the incident magnetic field
and J2(·) being the Bessel function of the second order.
For the n = 1 mode, the magnitude and the direction (for
t = 0) of the total electric field at the TEd11(b1) resonance
are shown in Fig. 2(l) (the cylinder radius is a = 24.35 mm).
This field leads to an electric dipole moment per unit length
pTEd = yˆH0b1j2πa(1−1/εr)J1(βa)/ω, where J1(·) is the
Bessel function of the first order. We note from Fig. 2(k) that
the field magnitude outside the cylinder is asymmetric with
respect to x = 0, whereas this is not the case for the corre-
sponding field in Fig. 2(l). This difference is due to the fact
that the scattered field for the n = 0 mode is oppositely di-
rected at any two diametrically opposite points located in the
xy-plane, whereas it is similarly directed for the scattered
field of the n = 1 mode. Since f0 = 300 MHz, the incident
electric field has only a small phase change across the region
nearby the cylinder. Consequently, it engages in an interfer-
ence of a different type with the scattered field on the two
sides of the yz-plane for the n = 0 mode, whereas the inter-
ference will be of the same type for the n = 1 mode. It is im-
portant to note that the above results also hold for a magnetic
cylinder with TMz polarization due to duality. The exact cor-
respondence between the various quantities in the two cases
is found in the caption of Fig. 2. Although not shown inhere,
the above results are qualitatively similar though quantita-
tively different for dielectric cylinders for TMz polarization
and magnetodielectric cylinders for either of the two polar-
izations. In particular, the respective resonances for TMz
Fig. 3 Magnitude and phase of (a) mTEd (left vertical axis) and pTMm
(right vertical axis), and of (b) pTEd (left vertical axis) and mTMm
(right vertical axis)
polarization in these cylinders are in general broader than
those shown in Figs. 2(a)–(h) and their isolation properties
are somewhat poorer than those in Figs. 2(i)–(j).
Due to duality, Figs. 2(k) and 2(l) therefore also show
the quantity −√μ0/ε0HTM for a lossless magnetic cylin-
der (μr = 625) with TMz polarization for the modes n = 0
and n = 1, respectively. The former leads to an electric di-
pole moment per unit length pTMm, and the latter one to a
magnetic dipole moment per unit length mTMm. These are
given by pTMm = zˆE0e0πa2ε0(1−1/μr)J2(βa), where E0
is the amplitude of the incident electric field, and mTMm =
−yˆE0e1j2πa(1 − 1/μr)J1(βa)/ωμ0. For the cylinders
treated in Figs. 2(k) and 2(l), the magnitude and phase of
mTEd [pTMm] are shown in Fig. 3(a) (vertical left [right]
axis), while the corresponding results for pTEd [mTMm] are
shown in Fig. 3(b) (vertical left [right] axis). In all cases,
the magnitude of the dipole moments peaks at the resonance
frequency across which a phase shift of π also occurs (the
additional phase shifts in Fig. 3(b) at a frequency slightly
larger than the resonance frequency are due to zero mag-
nitudes of the two dipole moments at this frequency). The
latter implies a change in the direction of the dipole mo-
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ments at the resonance frequency, whereby these become
oppositely directed to the incident field, thus rendering such
cylinders applicable as inclusions in a MTM design.
4 Summary and conclusions
An overview of electric and magnetic dipole resonances was
given for dielectric and magnetic cylinders with an empha-
sis on their strength, bandwidth, and isolation. In general, a
higher material parameter was found to lead to larger am-
plitude of the resonances, while narrowing the bandwidth,
but improving their isolation which is better for the mono-
pole than for the dipole mode. Although the numerical re-
sults illustrated the resonant properties of specific cylinders
and specific polarizations, the approach of this manuscript
provides a means of devising dielectric, magnetic, and/or
magnetodielectric cylinders capable of exciting the dipole
moments, of which a complete characterization, in terms of
the strength, bandwidth, and isolation of the resonances, can
be made for both polarizations.
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